In this paper the relation between 2d topological gauge theories and Bethe Ansatz equations is reviewed.
Introduction
In [1] a relation between a certain type of two-dimensional Yang-Mills theory and the Bethe Ansatz equations for the quantum theory of the Nonlinear Schröinger equation was uncovered. The topological Yang-Mills-Higgs theory considered in [1] captures the hyperkähler geometry of the moduli space of Higgs bundles introduced in [2] by Hitchin. The further step in the understanding of the role of Bethe Ansatz equations in two-dimensional gauge theories was made in [3] where the wave functions in gauge theory were identified with eigenfunctions of the quantum Hamiltonian in the N -particle sector for the quantum theory of the Nonlinear Schrödinger equation, constructed in the framework of the coordinate Bethe Ansatz. This implies the equivalence between two seemingly different quantum field theories. Moreover, in [3] it was argued that this phenomena is not iso- Let us remark that topological quantum field theories on the manifolds fibered over circle S 1 can be effectively reduced to Quantum mechanical systems with finite number of degrees of freedom. Being perturbed by topological observables the higher-dimensional topological theories lead to multi-parametric evolution in the effective, one-dimensional, quantum theories. One can expect that their integrability also is a property of three and four dimensional gauge theories among which the topological theories calculating Donaldson invariants look especially interesting.
On symplectic and hyperkähler reductions
To motivate the introduction of the topological Yang-Mills-Higgs theory in the next Section we start recalling the representation of integrals over symplectic and hyperkähler quotients of a G-manifold X in terms of integrals over X. This is basically covered by [1] ; here we give integral over X, expectedly invariant under SO(3)-rotations of symplectic structures.
Consider a symplectic manifold X of dimension d = 2n with a Hamiltonian action of a compact Lie group G. Define a volume form on X as a maximal non-zero exterior product vol X = ω X ∧ · · · ∧ ω X of the symplectic two-form ω X . Given a Hamiltonian action of Lie group G one has a corresponding moment map:
µ : X → g * , g = Lie(G), (2.1) and the symplectic quotient over the coadjoint orbit O u of an element u ∈ g * is given by:
Here G u ⊂ G is a stabilizer of u. Let π : µ −1 (u) → Y = µ −1 (u)/G u be the projection on Y and vol µ −1 (u) = vol X / ∧ dimg dµ be a volume form on µ −1 (u) induced by the volume form vol X on X. Then the volume form vol Y on the quotient Y is given by:
More generally the integral of any function f over Y can be expressed as an integral over X as follows: 4) where <, > is a natural pairing between g * and g, F is an arbitrary smooth extension of π * (f ) to a function on X and dϕ as a flat measure on g * . The integrand is explicitly invariant with respect to the action of G u and thus instead of integration over G u one can use "Faddeev-Popov" gauge fixing procedure:
F e i<ϕ,(µ(x)−u)>+i<χ,ν(x)>+ dim(G u ) a,b=1
where V b ∈ V ect X , a = 1, . . . dim(G u ) is a bases of vector fields generating the action of g u = Lie(G u ), ν a (x), a = 1, . . . dim(G u ) is a generic set of the gauge fixing functions, (C, C) is a pair of odd g u -valued ghosts and χ is g u -valued even.
Now consider a generalization of representation (2.5) to the case of hyperkähler reduction. Given a manifold X with three compatible symplectic structures ω α , α = 1, 2, 3
and an action of a compact Lie group G which is Hamiltonian with respect to any of the symplectic structures. We have a family of symplectic structures with an obvious action of SO(3) group through a three-dimensional representation. It will be useful to consider a pair of real and complex symplectic from ω R = ω 3 , ω C = ω 1 + iω 2 . The hyperkähler reduction of X with respect to G is define as follows: 6) where µ C and µ R are moment maps for ω C and ω R and G (u c ,u r ) ⊂ G is a stabilizer of the triple u r ∈ g * , u c ∈ g * ⊗ C. The same space (up to some subtleties with a compactification of the space of stable orbits) can be obtained as a holomorphic symplectic manifold by a holomorphic version of symplectic reduction:
where G c u ⊂ G c is a stabilizer of u c ∈ g * ⊗ C with respect to the action of the complexifica-
u is not necessary a complexification of G u c ,u r . However in the following we will consider only the case when G c u is indeed a complexification of G u c ,u r . It would be natural to define the integral of a function f over the quotient Y by an analog of (2.4): 8) where
is a volume form on X. However this expression is not well defined because the volume of G c u is not finite and the fibres of the projection π are not compact.
To represent integral over the hyperkähler quotient one should consider an analog of (2.5). It is useful to impose gauge-fixing conditions only on a troublesome non-compact part of G c u so that the compact subgroup G u c ,u r ⊂ G c u remains unfixed. The natural choice of the gauge-fixing conditions is a set of real moments µ R . Thus we arrive at the following representation:
This integral allows an explicitly SU (2)-invariant reformulation:
where µ α , α = 1, 2, 3 is a triple of moment maps corresponding to symplectic forms ω α , { , } α are Poisson brackets given by inverse of symplectic forms ω α and F is extension to X of a lift of f to µ
R (u r ). In next chapter we consider the example of infinite-dimensional hyperkähler quotient
give by Hitchin equation.
Topological Yang-Mills-Higgs theory
In [1] a two dimensional gauge theory was proposed such that the space of classical solutions of the theory on a Riemann surface Σ h is closely related with the cotangent space to the space of solutions of the dimensionally reduced (to 2d) four-dimensional self-dual
Yang-Mills equations studied by Hitchin [2] . Let us given a principal G-bundle P G over a Riemann surface Σ supplied with a complex structure. Then we have an associated vector bundle ad g = (P G × g)/G with the fiber g = Lie(G) supplied with a coadjoint action of G. Consider the pairs (A, Φ) where A is a connection on P G and Φ is a one-form taking values in ad g . Then Hitchin equations are given by:
The space of the solutions has a natural hyperkähler structure and admits compatible U (1)
action. The correlation functions in the theory introduced in [1] can be described by the integrals of the products of U (1) × G-equivariant cohomology classes over the moduli space of solutions of (3.1). Note that the U (1)-equivariance makes the path integral well-defined.
The field content of the theory introduced in [1] can be described as follows. In addition to the triplet (A, ψ A , ϕ 0 ) of the topological Yang-Mills theory one has:
where Φ, ϕ ± are even and ψ Φ , χ ± are odd fields. We will use also another notations
The theory is described by the following path integral:
where S = S 0 + S 1 with:
and
where the decompositions Φ = Φ
correspond to the decomposition of the space of one-forms
The theory is invariant under the action of the following even vector field:
and an odd vector field generated by the BRST operator:
We have Q 2 = iL ϕ 0 + cL v and Q can be considered as a BRST operator on the space of L ϕ 0 and L v -invariant functionals. The action functional of the topological Yang-MillsHiggs theory can be represented as a sum of the action functional of the topological pure Yang-Mills theory (written in terms of fields φ 0 , A, ψ A ) and an additional part which can be represented as a Q-anti-commutator:
The theory given by (3.4) is a quantum field theory whose correlation functions are given by the intersections pairings of the equivariant cohomology classes on the moduli spaces of Higgs bundles.
To simplify the calculations it is useful to consider more general action given by:
Cohomological localization of the functional integral takes the simplest form for τ 1 = 0, τ 2 = 0. Note that it is not obvious that the theory for τ 1 = 0, τ 2 = 0 is equivalent to that for τ 1 = 0, τ 2 = 0. However taking into account that the action functionals in these two cases differ on the equivaraintly exact form and for c = 0 the space of fields is essentially compact one can expect that the theories are equivalent.
For τ 1 = 0 the path integrals over Φ, ϕ ± and χ ± is quadratic. Thus we have for the partition function the following formal representation:
where the super-determinant is taken over the super-space:
and should be properly understood using a regularization compatible with Q-symmetry of the path integral (e.g. τ 1 = 0). Thus the Yang-Mills-Higgs theory can be considered as a pure Yang-Mills theory deformed by a non-local gauge invariant observable. Note that for c → ∞ the action functional (3.5) reduces to that of 2d topological Yang-Mills theory, with corresponding consequences. At the same time for c = 0 it is again 2d topological Yang-Mills action but now for compelxified gauge group, thus the theory interpolates for non-zero c between topological Yang-Mills theory for compact and complex gauge groups, which becomes also apparent from final answers.
The partition function (3.4) of the Yang-Mills-Higgs theory on a compact Riemann surface can be calculated using the standard methods of the cohomological localization.
As in the case of Yang-Mills theory we consider the deformation of the action of the theory:
where we impose the condition that t k = 0 for a finite subset of indexes k ∈ Z.
Path integral with the action (3.11) at τ 1 = 0 and τ 2 = 1 is easily reduced to the integral over abelian gauge fields. The contribution of the additional nonlocal observable in (3.12) can be calculated as follows. The purely bosonic part of the nonlocal observable after reduction to abelian fields can be easily evaluated using any suitable regularization (i.e. zeta function regularization) and result is the change of the bosonic part of the abelian
where F (A) i is i-th component of the curvature of the abelian connection A and R (2) (g) is curvature on Σ h for 2d metric g used to regularize non-local observable. We will use the notation (ϕ 0 ) i = λ i in remaining part of the paper. This leads to the unique Q-closed completion. The completion of the term in (3.15) containing the curvature of the gauge field is given by the two-observable O
f corresponding to the descendent of the following function on the Cartan subalgebra isomorphic to R N :
Thus, the abelianized action is defined by two-observable descending from:
On the other hand the term containing the metric curvature R in (3.15) is Q-closed and thus does not need any completion. It can be considered as an integral of the zero observable:
over Σ h weighted by the half of the metric curvature. Note that the function I(λ) plays important role in Nonlinear Schrödinger theory which we explain in next section.
After integrating out the fermionic partners of abelian connection A the standard localization procedure leads to following final finite-dimensional integral representation for the the partition function [1] :
where
and p k (λ) are S N -invariant polynomial functions of degree k on R N and a(c) is a hindependent constant defined by the appropriate choice of the regularization of the functional integral. One can write the n i -dependent parts of the products in (3.19) as the exponent of the sum:
with notation:
After taking the sum over (n 1 , · · · , n N ) ∈ Z N using:
Z, or the same -F j (λ) = 1, contribute to the partition function which now can be written as:
where:
and the R N in (3.23) and (3.24) denotes a set of the solutions of the Bethe Ansatz equations
for the N -particle sector of the quantum theory of Nonlinear Schrödinger equation. Note that the sum in (3.24) is taken over the classes of the solutions up to action of the symmetric group on λ i . This set can be enumerated by the multiplets of the integer numbers
Thus, the sum in (3.24) is the sum over the same set of partitions as in 2d Yang-Mills theory.
N -particle wave functions in Nonlinear Schrödinger theory
The appearance of a particular form of Bethe Ansatz equations (3.26) strongly suggests the relevance of quantum integrable theories in the description of wave-functions in topological Yang-Mills-Higgs theory. Precisely this form of Bethe Ansatz equations (3.26) arises in the description of the N -particle wave functions for the quantum Nonlinear
Schrödinger theory with the coupling constant c = 0 [4] , [5] , [6] , [7] . In this section we recall the standard facts about the construction of the these wave-functions using the coordinate Bethe Ansatz. We also discuss the relation with the representation theory of the degenerate (double) affine Hecke algebras and the representation theory of the Lie groups over complex and p-adic numbers. For the application of the quantum inverse scattering method to Nonlinear Schrödinger theory see [8] , [9] . One can also recommend [10] as a quite readable introduction into the Bethe Ansatz machinery.
The Hamiltonian of Nonlinear Schrödinger theory with a coupling constant c is given
by:
with the following Poisson structure for bosonic fields:
The operator of the number of particles:
commutes with the Hamiltonian H 2 and thus one can solve the eigenfunction problem in the sub-sector for a given number of particles H 0 = N . We will consider the both the theory on infinite interval (x ∈ R) and its periodic version x ∈ S 1 . The equation for eigenfunctions in the N -particle sector has the following form: are given by the symmetric polynomials p k (λ).
Finite-particle sub-sectors of the Nonlinear Schrödinger theory can be described in terms of the representation theory of a particular kind of Hecke algebra [11] , [12] , [13] , [14] . Let R = {α 1 , · · · , α l } be a root system, W -corresponding Weyl group and Pa weight lattice. Degenerate affine Hecke algebra H R,c associated to R is defined as an algebra with the basis S w , w ∈ W and {D λ , λ ∈ P } such that S w w ∈ W generate subalgebra isomorphic to group algebra C[W ] and the elements D λ , λ ∈ P generate the group algebra C[P ] of the weight lattice P . In addition one has the relations:
Here s i are the generators of the Weyl algebra corresponding to the reflection with respect to the simple roots α i . The center of H R,c is isomorphic to the algebra of W -invariant polynomial functions on R ⊗ C. The degenerate affine Hecke algebras were introduced by Drinfeld [15] and independently by Lusztig [16] .
Below we consider only the case of gl N root system and thus we have W = S N . Let us introduce the following differential operators (Dunkle operators [17] ):
Here ǫ(x) is a sign-function and s ij ∈ S N is a transposition (ij). These operators together with the action of the symmetric group (4.6) provide a representation of the degenerate affine algebra H N,c for g = gl(N ):
The image of the quadratic element of the center is given by:
and thus coincides with the restriction of the quantum Hamiltonian on the N -particle sector of Nonlinear Schrödinger theory on the infinite interval.
We are interested in S N -invariant solutions of (4.4). They play the role of spherical vectors (with respect to the subalgebra C[W ] ∈ H N,c ) in the representation theory of degenerate affine Hecke algebra.
The eigenvalue problem (4.4) allows the equivalent reformulation as an eigenvalue problem in the domain x 1 ≤ x 2 ≤ · · · ≤ x N for the differential operator: 9) with the boundary conditions:
The solution is given by: 11) or equivalently:
where ∆ F g (λ) = 1≤i<j≤N (λ i − λ j ). Note that the wave-function is explicitly symmetric under the action of symmetric group S N on λ = (λ 1 , · · · , λ N ). This solution can be also constructed using the representation theory of degenerate affine Hecke algebra H N,c (see [11] , [12] , [13] , [14] ).
Given a solution of the equations (4.9) with boundary conditions (4.10) S N -symmetric solutions of (4.4) on R N can be represented in the following form:
where ǫ(x) is a sign-function. This gives the full set of solutions of (4.4) for (λ 1 ≤ · · · ≤ λ N ) ∈ R N satisfying the orthogonality condition with respect to the natural pairing:
Therefore the normalized wave functions are given by:
The eigenvalue problem for periodic N -particle Hamiltonian of Nonlinear Schrödinger theory can be reformulated in the following way. Consider the eigenfunction problem for the differential operator:
The wave function of the periodic Nonlinear Schrödinger equation are the eigenfunction of (4.17) satisfying the following invariance conditions:
These are the conditions of invariance under the action of the affine Weyl group on the space of wave functions.
The solutions can be obtained imposing the additional periodicity conditions on the wave functions (4.16) . This leads to the following set of the Bethe Ansatz equations for (λ 1 , · · · , λ N ):
The set of solutions of these equations can be enumerated by sets of integer numbers (p 1 ≥ · · · ≥ p N ) -for each ordered set of these integers there is exactly one solution to Bethe
Ansatz equations [7] . Let us remark that there is the following equivalent representation for the periodic wave-functions: 
Below we will see that this is not accidental. Finally note that the periodic Nonlinear
Schrödinger theory has an interpretation in terms of the representation theory of the degenerate double affine Hecke algebras introduced by Cherednik [18] . For the details in this regard see [14] . 
Local Q-cohomology
We start with a description of the Hilbert space of the Yang-Mills-Higgs theory using the operator-state correspondence. In the simplest form the operator-state correspondence is as follows. Each operator, by acting on the vacuum state, defines a sate in the Hilbert space. In turn for each state there is an operator, creating the state from the vacuum state.
Moreover, for the maximal commutative subalgebra of the operators this correspondence should be one to one. For example, the space of local gauge-invariant Q-cohomology classes in topological U (N ) Yang-Mills theory is spent, linearly, by the operators:
and thus this space coincides with the space of Ad G -invariant regular functions on the Lie algebra u N . This is in accordance with the description of the Hilbert space of the theory given in Section 2.
We would like to apply the same reasoning to the topological Yang-Mills-Higgs theory.
To get economical description of the Hilbert space of the theory one should find a maximal (Poisson) commutative subalgebra of local Q-cohomology classes (where Q given by (3.9) acts on the space of functions invariant under the symmetries generated by (3.7), (3.8)).
Obviously One should stress that this reasoning is not applicable to the case c = 0 The local cohomology for c = 0 contains additional operators. For example, the following operators provide non-trivial cohomology classes for arbitrary t ∈ C and c = 0:
This is a manifestation of the fact that c = 0 theory is a Yang-Mills theory for the complexified group G c and thus its phase space is given by M C = T * H c /W .
Gauge transformations of wave function
The discreteness of the spectrum of N -particle Hamiltonian operator in periodic Non- We start with a simple case of Yang-Mills theory. The partition function of U (N )
Yang-Mills theory on the torus Σ 1 is given by:
where P ++ is a set of the dominant weights of U (N ). The sum over (n 1 , · · · , n N ) ∈ Z N has a meaning of the sum over topological classes of U (1) N -principle bundles on the torus Σ 1 .
It results in the replacement of the integration over λ by a sum over a discrete subset. This should be compared with the partition function of dimensionally reduced U (N ) Yang-Mills theory on S 1 :
Contrary to the two-dimensional Yang-Mills theory in the last case we do not have any additional restriction on the spectrum (λ 1 , · · · , λ N ) ∈ R N /S N . The appearance of the additional sum can be traced back to the difference between the Hilbert spaces of dimensionally reduced and non-reduced theories.
The mechanism of the spectrum restriction via the sum over the topological sectors can be explained in terms of the structure of the Hilbert space of the theory as follows.
In 
= trϕ
2 . In the polarization discussed above we have:
where (θ 1 , · · · , θ N ) ∈ R N . The set of normalized skew-invariant eigenfunctions is given by:
The integral kernel of the identity operator acting on the skew-symmetric functions can be represented (due to translation invaraince it is the function of difference θ − θ ′ ) as:
The partition function of the dimensionally reduced Yang-Mills theory on S 1 is given by the trace of a evolution operator and can be written explicitly as:
The Green function of the theory is:
Up to the infinite factor given by the integral over θ = (θ 1 , · · · , θ N ) ∈ R N the integral in (5.9) coincides with the expression (5.4) for the partition function for t i =2 = 0. Now consider two-dimensional Yang-Mills theory. In this case we have the periodic eigenvalue problem for (5.5). Then for the normalized eigenfunctions of H 2 we have:
Here ρ = (ρ 1 , · · · , ρ N ) is a half-sum of the positive roots of u N . The integral kernel of the identity operator can be represented as:
The partition function of the Yang-Mills theory on a torus Σ 1 is given by the trace of a evolution operator and:
The kernel for the periodic case can be obviously represented as a matrix element of the projection operator as follows: 15) where the wave-functions ψ λ (θ) are given by (5.6) and:
Equivalently we have:
We conclude that the Green function G(θ, θ ′ ) (the path integral on the cylinder with insertion of exp (−t 2 H
2 )) is represented as:
or equivalently as:
Let us note that the identities in (5.17), (5.19) are based on the following transformation property of the complete set of skew-symmetric normalized wave-functions on R N : The representation (5.19) can be written in the following form:
If we set the coupling t 2 to zero, t 2 = 0, we recover the formula (5.17) for K(θ, θ ′ ):
For the partition function of Yang-Mills theory on a torus we get (after setting θ = θ ′ above and integrating over x): are normalized periodic eigenfunctions given by (4.21) and the sum goes over the set R N of the solutions of Baxter Ansatz equations. The projector here is given by:
where α j (λ) are defined as follows (compare with (3.22)):
Then we have:
The last equality is a consequence of the following property of the eigenfunctions (4.20) of the N -particle Hamiltonian in Nonlinear Schrödinger theory:
These wave functions are periodic and descend to the wave functions (4.16) if λ = (λ 1 , · · · , λ N ) satisfy (4.19).
The representation for the kernel (5.26) leads to the following representation for the Green function (cylinder path integral) and torus partition function for t i =2 = 0:
or same:
Similarly for kernel:
since the kernel is a Green function at t 2 = 0. Integrating over x after setting x = x ′ we obtain the representation for the partition function on the torus:
This is in a complete agreement with a representation for the partition function of U (N )
Yang-Mills-Higgs theory on a torus discussed in Section 3, formula (3.24) . Note that one 
We consider a family of deformations (3.14) of the theory:
where we impose the condition that t k = 0 for a finite subset of the indexes k ∈ Z.
In the case of Σ h = T 2 the Feynman path integral in the two-dimensional quantum field theory with the action (5.30) is equivalent to the path integral in the one-dimensional theory on S 1 with the phase space T * H supplied with the following symplectic form:
which is a c-deformation of the standard symplectic form ω = N j=1 dλ j ∧ dθ j on T * H where {θ j } are coordinates on H and {λ j } are coordinates in the fiber of the projection
This symplectic form (5.32) can be easily transformed into a canonical one:
Quantization in θ-polarization is given by the following realization:
A bases of wave functions then can be constructed using a complete set of common eigenfunctions of the operators α j :
The deformation (5.31) leads to a consideration of the following set of Hamiltonians in the effective one-dimensional theory:
whereλ is related to the derivative in θ through:
Computations from Section 3 show that the eigenvalues of the Hamiltonians are given by
j with λ's subject to (for periodicity conditions θ j ∼ θ j + 2πm j , m j ∈ Z):
Let us remark that in θ-representation Hamiltonians (5.38) act on wave-functions by complicated integral operators due to the non-trivial relations (5.34) between α j and λ k .
Compare now the bases (5.36) of common eigenfunctions of H k , k ∈ Z + with the bases of common eigenfunctions for the Yang N -particle system:
where [x] is an integer part of x. Here we also impose periodicity conditions x j ∼ x j +2πm j , m j ∈ Z and thus:
The Yang system can be considered as a quantization of T * H with the symplectic structure:
In x-polarization we have:
The Hamiltonians H k of Yang system can be expressed as symmetric functions of Dunkle operators D j (see Section 4), and for k = 2 we have:
The eigenvalues E k of the Hamiltonians H k are given by:
and coincides with the spectrum in Yang-Mills-Higgs theory.
The two bases of wave functions (5.36) and (5.41) are related by a unitary operator with the integral kernel given by: 
Generalization of G/G gauged WZW model
In this section we describe following [3] another instance of the relation between twodimensional gauge theories and quantum integrability in many-body integrable systems.
We consider a generalization of GWZW theory and demonstrate that partition function can be represented as a sum over solutions of a certain generalization of Bethe Ansatz equation.
We start with the definition of the set of fields and the action of the odd and even symmetries in the spirit of (3.7), (3.8), (3.9) . Let us note that the gauged Wess-Zumino-Witten model can be obtained from the topological Yang-Mills theory by using the group-valued field g instead of algebra-valued field ϕ. Introduce the set of fields (A, ψ A , Φ, ψ Φ , χ ± , ϕ ± , g) and t ∈ R * with the following action of the odd and even symmetries: Qχ ± = iϕ ± , Qϕ + = tgχ + g −1 − χ + , Qϕ − = −t −1 g −1 χ − g + χ − .
We have Q 2 = L (g,t) and Q can be considered as a BRST operator on the space of L (g,t) -invariant functionals.
We define the action of the theory in analogy with the construction of the action for
Yang-Mills-Higgs theory as follows: Taking τ 1 = 0, τ 2 = 1 and applying the standard localization technique to this theory we obtain for the partition function: 
with:
We can rewrite this formula in the form similar to (3.21):
Z GW ZW H (Σ h ) = e sin(iπ(λ j − isc)) sin(iπ(λ j + isc))
sin(iπ(λ j − λ k + ic)) sin(iπ(λ j − λ k − ic)) = 1 , i = 1, · · · , N, (6.11)
corresponding to formal limit of the infinite spin s of XXZ chain.
The partition function is the generalization of Yang-Mills-Higgs theory, discussed above, and can be written in the following form: 12) where R q is a set of the solutions of (6.9) and:
where we use the standard parametrization q = exp(2πi/(k + c v )). Note that in the limit t → ∞ equation (6.9) and the expression for the partition function (6.13) up to an overall scaling factor become the corresponding expressions for a gauged Wess-Zumino-Witten model. Finally note that the form of (6.9) and the explicit expressions for the q-Casimir operators, playing the role of the Hamiltonians, strongly imply the description of the wave functions of the theory in terms of the wave functions in a particular XXZ finite spin chain. This proposition will be discussed in details elsewhere.
